FALL 2004

First Midterm:

1) (a) show that 
[image: image1.wmf]1

)

(

+

=

x

x

x

f

 is an increasing function on  whole of  its domain.

    (b) Given that d is a metric on X, show that 
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 is also a metric on X.
     (c) Show that if 
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2) (a) (i)A sequence 
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in (X,d) is said to be Cauchy if...

          (ii) A subset M of a  metric space (X,d) is called dense if ...
    (b) If  (xn) and (yn) are Cauchy sequences in (X,d), then 
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    (c) If M is a dense subset  of a  metric space (X,d), then show that for each cauchy sequence     (xn) in X there exists a cauchy sequence (zn) in M such that 
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3) (a) A mapping 
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    (b) Show that if each isometry is one to one.

    (c) Show that  the set of rationals Q is neither closed nore complete subset of 
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    (d) Find the completion of Q, showing the isometry you used.

4) (a) If 
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 is a norm on a vector space X, then show that 
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    (b) A squence (xn ) of vectors of a normed space 
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    (c) Show that each normed space with Schauder basis is separable.

    (d) Does 
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Second Midterm:

1)Let 
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be a linear operator between normed spaces which is continuous at 0.          (a) Show that  T  is bounded.

(b) Show that Ker(T) is a closed vector subspace of X.

(c) Show that if 
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(d) Put a condition on Y so that it will be  possible to extend  T continuously to  whole of X.
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     (i) Show that f is a bounded linear functional and 
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(i) Show that 
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(ii) Show that the linear functional
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 defined in (i) becomes unbounded if 
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3) (a) State the parallelogram equality for inner product spaces.

    (b) Prove or disprove: the space 
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 where M is a convex subset of an inner product space X and x is a fixed point in X. Show that if 
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Second Midterm:

1) (a)Use the fact that ’ For any linearly independent subset 
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’ to show the following:

 (i) Every finite dimensional subspace Y of a normed space X is complete.

 (ii)Every linear operator on a finite dimensional normed space X is bounded.

 (b) State Riesz’s  lemma and use it to show that if the unit ball of a normed space X is compact then X is finite dimensional.
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(a) Show that S and T are linear operators.

(b) Find 
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Final Exam:

1) (a) State the HÖLDER inequality for the 
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    (c)State the Parrallelogram equality and use it to prove that 
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2) On 
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(a) Show that S and T are linear operators.

(b) Find 
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(c) Find 
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 and 
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(d) Find 
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(e) If  
[image: image81.wmf]Y

X

L

®

:

 and 
[image: image82.wmf]Z

Y

P

®

:

are bounded linear operators between normed spaces, then show that the operator 
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3) (a) State the Uniform Boundedness Theorem.

    (b) prove or disprove: 
[image: image85.wmf]3

Â

can be covered by a countable number of planes.

    (c) Let X be the vector space of all polynomials in 
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   (i) Show that 
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   (ii) Show that each 
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    (iii) Use (a)  to show that 
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4) (a) A subset M  of  a metric space 
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be a linear operator between normed spaces. Then T  is called closed if... and boınded if...

    (c) Show that a closed subset 
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[image: image103.wmf]Y

X

T

®

:

is a closed linear operator , where X and Y  be normed spaces and Y is compact, show that T is bounded.
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First Midterm:
1) (a) (i)A sequence 
[image: image104.wmf]n
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in (X,d) is said to be Cauchy if...

          (ii) A subset M of a  metric space (X,d) is called dense if ...
    (b) If  (xn) and (yn) are Cauchy sequences in (X,d), then show that 
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    (c) If M is a dense subset  of a  metric space (X,d), then show that for each cauchy sequence     (xn) in X there exists a cauchy sequence (zn) in M such that 
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2) (a) A mapping 
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is called isometry if...

    (b) Show that if each isometry is one to one.

    (c) Show that  the set of rationals Q is neither closed nore complete subset of 
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.

    (d) Find the completion of Q, showing the isometry you used.

3) (a) If 
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 is a norm on a vector space X, then show that 
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    (b) A squence (xn ) of vectors of a normed space 
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    (c) Show that each normed space with Schauder basis is separable.
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4) (a) State Riesz Lemme in normed spaces and use it to prove that if the unit ball of  a normed space 
[image: image114.wmf](

)

.

,

X

is compact then X  is finite dimensional.

    (b) Give an example of (if possible)

(i) A closed bounded subset M  of a finite dimensional normed space 
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(ii) A complete subset M  of a metric space (X,d) such that M  is not closed.

(iii) A noncompact metric space (Explain)
Second Midterm:

1)  On 
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(a) Show that S and T are linear operators.

(b) Find 
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2) (a) State Riesz’s Theorem for representaion of bounded linear functionals on Hilber spaces.

    (b)(i) A map 
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       (ii) A sesquilinear form h is called bounded if...
      (iii) Show that 
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3) (a) Show that if 
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    (d) (i)A bounded linear operator 
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          (ii) Show that if  
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Final Exam:

1) 1) (a) Discuss the following series for convergence: 
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          (ii) Give an example of sequence 
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     (d) State HÖLDER INEQUALİTY for sequence spaces.

2)  (a) State Riesz’s Theorem for representaion of bounded linear functionals on Hilber spaces.

    (b)(i) A map 
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       (ii) A sesquilinear form h is called bounded if...

      (iii) Show that 
[image: image166.wmf]C

X

X

®

´

:

,

 (where X  is an inner product space) is a bounded sesquilinear form with 
[image: image167.wmf]1

,

£

.
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     (i) For fixed x in H1 , show that 
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3) (a) State Hahn-Banach Theorem in normed spaces.

(b) Use (a) to show that for any x0  in a normed space 
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-

x

g

x

g


(c) For any x in 
[image: image178.wmf](

)

.

,

X

 show that 
[image: image179.wmf]f

x

f

X

x

f

)

(

sup

/

0

Î

¹

=

.

(d) Show that the canonical map 
[image: image180.wmf]/

//

,

),

(

)

(

,

:

X

f

X

x

x

f

f

x

C

X

X

C

Î

Î

=

®

is 1-1.
4) (a) State the uniform Boundedness Theorem in Banach spaces.

    (b) A sequence 
[image: image181.wmf]n

x

 in a normed space 
[image: image182.wmf](

)

.

,

X

 is to be weakly convergent if...

     (c) Show that if 
[image: image183.wmf]x

x

n

®

 then 
[image: image184.wmf]n

x

 is convergent to x weakly.

     (d) Show that if 
[image: image185.wmf]n

x

 is convergent to x weakly then 
[image: image186.wmf].

sup

¥

<

n

n

x


FALL 2006
First Term:

1) (a) A  sequence 
[image: image187.wmf]n

x

in a metric space 
[image: image188.wmf](

)

d

X

,

 is called Cauchy if...

(b) Show that every convergent sequence is Cauchy .

(c) A subset M of a metric space 
[image: image189.wmf](

)

d

X

,

 is called closed if... and complete if...

(d) Show that if M is a closed subset of a complete  space 
[image: image190.wmf](

)

d

X

,

 then it is closed.

(e) Show that if 
[image: image191.wmf]n

x

 is a Cauchy sequence such that it has has a convergenet subsequence with limit x , then also 
[image: image192.wmf]n

x

 is convergent to x.

(f) A nonempty subset X with the discrete metric forms a complete metric space.
 (g) Give an example of a noncomplete metric space  and find its completion.. Show the isometry you used.

2) (a) Ametric space 
[image: image193.wmf](

)

d

X

,

is called separable if...

(b) Prove or disprove: The metric space 
[image: image194.wmf]¥

l

is separable.

(c) Let M be a dense subset of a metric space 
[image: image195.wmf](

)

d

X

,

. Show that for each Cauchy sequence 
[image: image196.wmf]n

x

 in 
[image: image197.wmf](

)

d

X

,

 there exists a Cauchy sequence 
[image: image198.wmf]n

y

 in M such that  

                                                            
[image: image199.wmf]).

(

,

1

)

,

(

N

n

n

y

x

d

n

n

Î

"

£

 

(d) Prove or disprove: The real line 
[image: image200.wmf]Â

 is separable.

(e) Prove or disprove:  A proper dense subset of a metric space is closed.

3) (a) A sequence of vectors 
[image: image201.wmf]n

v

 of a normed space 
[image: image202.wmf](

)

.

,

V

 is called a Schauder basis if...

     (b) Show that every normed space with a Schauder basis is separable.

      (c) Prove or disprove 
[image: image203.wmf]¥

l

 has a Schauder basis.

Second Midterm:
1)  On 
[image: image204.wmf][

]

1

,

0

C

 define S  and T  by 

  
[image: image205.wmf]ò

=

16

4

)

(

)

)(

(

dt

t

x

s

s

Sx

               and     
[image: image206.wmf])

(

)

)(

(

s

x

s

s

Tx

=

  , where 
[image: image207.wmf][

]

16

,

4

C

x

Î

 and  
[image: image208.wmf][

]

16

,

4

Î

s

.

(a) Show that S and T are linear operators.

(b) Find 
[image: image209.wmf])

(

T

S

o

and 
[image: image210.wmf])

(

S

T

o

. Do S and T commute?

(c) Find 
[image: image211.wmf]S

 and 
[image: image212.wmf]T

.

(d) Find 
[image: image213.wmf]T

S

o

 and 
[image: image214.wmf]S

T

o

.

(e) If  
[image: image215.wmf]Y

X

L

®

:

 and 
[image: image216.wmf]Z

Y

P

®

:

are bounded linear operators between normed spaces, then show that the operator 
[image: image217.wmf])

(

L

P

o

is also boumded and 
[image: image218.wmf]L

P

L

P

.

£

o

. Does this agree with the results in the previous parts?

2) (a) State Riesz’s Theorem for representaion of bounded linear functionals on Hilber spaces.

    (b)(i) A map 
[image: image219.wmf]C

H

H

h

®

´

2

1

:

(where C is the complex field and H1 , H2 are vector spaces) is called sesquilinear if...

       (ii) A sesquilinear form h is called bounded if...
      (iii) Show that 
[image: image220.wmf]C

X

X

®

´

:

,

 (where X  is an inner product space) is a bounded sesquilinear form with 
[image: image221.wmf]1

,

£

.

    (c) Let 
[image: image222.wmf]C

H

H

h

®

´

2

1

:

be a bounded sesquilinear form with H1 and H2  Hilbert spaces.

     (i) For fixed x in H1 , show that 
[image: image223.wmf]C

H

f

x

®

2

:

,defined by 
[image: image224.wmf]2

),

,

(

)

(

H

y

y

x

h

y

f

x

Î

=

,is a bounded  linear  on H2. Hence, find z in H2  such that 
[image: image225.wmf]y

z

y

x

h

,

)

,

(

=

.

      (ii) If 
[image: image226.wmf]2

1

:

H

H

S

®

is defined by Sx=z, where z is as above, then show that S is a bounded linear operator and 
[image: image227.wmf]h

S

=

.
3) (a) Show that if 
[image: image228.wmf]H

H

Q

®

:

is a linear operator on a complex Hilbert space such that 
[image: image229.wmf])

(

0

,

H

x

x

Qx

Î

"

=

, then Q=0. Give an example to show that H being complex is necessary.

    (b) Show that if 
[image: image230.wmf]2

1

:

,

H

H

S

T

®

are bounded linear operators, then 
[image: image231.wmf].

)

(

*

*

*

T

S

T

S

+

=
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Final Exam:

1) (a) State Hahn-Banach Theorem in Normed spaces.

(b) Show that for any nonzero vector 
[image: image232.wmf]0

x

 in a normed space 
[image: image233.wmf](

)

.

,

X

, there exists  
[image: image234.wmf]/

X

g

Î

with 
[image: image235.wmf]1

=

g

 and 
[image: image236.wmf]0

0

)

(

x

x

g

=

.

(c) Let 
[image: image237.wmf]x

be a vector  in  
[image: image238.wmf](

)

.

,

X

. Show that  if 
[image: image239.wmf])

(

,

0

)

(

/

X

f

x

f

Î

"

=

then 
[image: image240.wmf].

0

=

x


(d) Show that the linear operator 
[image: image241.wmf]//

:

X

X

C

®

defined by 
[image: image242.wmf]x

g

x

®

where , is an isometry between normed spaces.

2) (a) State the uniform boundedness theorem (principle).

      (b) Prove or disprove: 
[image: image243.wmf]3

Â

can be covered by countable number of planes.

      (c)  (i) A sequence 
[image: image244.wmf]n

x

 in a normed space 
[image: image245.wmf](

)

.

,

X

 is said to converge to a vector x if ...

             (ii) Show that if 
[image: image246.wmf]0

lim

=

-

¥

®

x

x

n

n

 then 
[image: image247.wmf]n

x

converges to x weakly.

              (iii) Show that  if 
[image: image248.wmf]n

x

converges to x weakly then 
[image: image249.wmf].

sup

¥

<

n

n

x


3) (a) A linear operator 
[image: image250.wmf]Y

X

T

dom

T

®

Í

)

(

:

, where X and Y  are normed paces, is called closed if...

(b) Give an example of  a bounded linear operator which is not closed.

(c) Let 
[image: image251.wmf]Y

X

T

dom

T

®

Í

)

(

:

, where X and Y  are normed spaces, be a bounded linear operator . Show that if T is closed and Y is complete then dom(T) is a closed.

(d)  Show that a closed subset C of a compact metric space Y is compact.

 (e)  Let 
[image: image252.wmf]Y

X

T

®

:

 is a closed linear operator between normed spaces,

        (i) Show that the image of a compact subset  
[image: image253.wmf]X

B

Ì

 under T  is closed in Y.

        (ii) Show that if moreover, Y is compact then T is bounded. 
SUMMER 2006-2007

First Midterm:

1) (a) A map 
[image: image254.wmf])

,

(

)

,

(

:

r

Y

d

X

T

®

is called an isometry if …

    (b) Show that every isometry between metric spaces is one to one .

    (c) Show that a linear map 
[image: image255.wmf](

)

(

)

2

1

.

,

.

,

:

Y

X

T

®

 is an isometry if and only if                                                                                                      
[image: image256.wmf](

)

.

,

1

2
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x

x

Tx

Î

"

=


    (d) If  
[image: image257.wmf])

,

(

)

,

(

:

r

Y

d

X

T

®

is a bijective isometry , then show that 
[image: image258.wmf])

,

(

d

X

is complete if and only if 
[image: image259.wmf])

,

(

r

Y

is complete.

2) The following statement is valid  for any finite linearly independent set 
[image: image260.wmf]{

}

k

e

e

e

,...,

,

2

1

of vectors of a normed space 
[image: image261.wmf])

.

,

(

X

: There exists 
[image: image262.wmf]0

>

C

such that for any choice of nonzero schalars 
[image: image263.wmf]k

a

a

a

,...,

,

2

1

 we have 
[image: image264.wmf]å

å

=

=

³

k

i

i

k

i

i

i

C

e

1

1

.

a

a

.

(a) Write down the negation of the above statement.

(b) As a result of the negation,  show that you can find a sequence 
[image: image265.wmf])

(

m

y

of vectors of X which converges to the zero vector.

(c) Use the above statement to show that all norms on a finite dimensional normed space are equivalent.

3) (a) A function 
[image: image266.wmf]Â

®

´

X

X

d

:

 is called a metric if…

    (b) Let 
[image: image267.wmf](

)

.

,

X

 be a normed space. Show that 
[image: image268.wmf]y

x

y

x

d

-

=

)

,

(

 is a normed on X. 
    (c) A metric d on a set X is called translation invariant if…

    (d) Show that the metric d defined on (b) is translation invariant.

    (e) Prove or disprove: The metric d defined on the space of all sequences S  by 

              
[image: image269.wmf]n

n

n

n

n

i

y

x

y

x

y

x

d

-

+

-

=

å

¥

=

1

2

1

)

,

(

1

,   
[image: image270.wmf](

)

,

),

(

S

y

y

x

x

n

n

Î

=

=


is translation invariant.
Second Midterm:

1)(a) An operator 
[image: image271.wmf])

.

,

(

)

.

,

(

:

2

1

Y

X

T

®

between normed spaces is called linear if…and bounded if…

    (b) On 
[image: image272.wmf][

]

b

a

C

,

 define T  by

                                                            
[image: image273.wmf]ò

=

b

a

dt

t

tx

s

s

Tx

)

(

)

)(

(

2

    .           

(i) Show that T is a  linear operator.

(ii) Find  
[image: image274.wmf]T

.

2) (a) State Riesz’s  lemma and use it to show that if the unit ball of a normed space X is compact then X is finite dimensional.

    (b) If 
[image: image275.wmf])

,

(

)

,

(

:

r

Y

d

X

T

®

is a continuous map between two metric spaces and 
[image: image276.wmf]M

is a compact subset of X, then show that 
[image: image277.wmf])

(

M

T

is a compact subset of Y.

3) Prove or disprove the following:

(a) For a fixed sequence 
[image: image278.wmf]¥

Î

=

l

y

y

n

)

(

, the functional 
[image: image279.wmf]Â

®

1

:

l

f

y

 defined by      
[image: image280.wmf]å

¥

=

=

1

)

(

n

n

n

y

y

x

x

f

, 
[image: image281.wmf]1

l

x

Î

, is a bounded linear functional.

(b) In an inner product space 
[image: image282.wmf])

,

,

(

ñ

á

X

the function 
[image: image283.wmf]Â

®

X

N

:

 defined by 

   


[image: image284.wmf]ñ

á

=

x

x

x

N

,

)

(

, is a norm on X.

(c) The sequence space 
[image: image285.wmf]3

l

is a Hilbert space. (justify).

(d) For any subset M of a Hilbert space H we have 
[image: image286.wmf]^

^^

^

=

M

M

)

(

.
Final Exam:
1) (a) State Hahn-Banach Theorem in Normed spaces.

    (b) Show that for any nonzero vector 
[image: image287.wmf]0

x

 in a normed space 
[image: image288.wmf](

)

.

,

X

, there exists 
[image: image289.wmf]/

X

g

Î

 with 
[image: image290.wmf]1

=

g

 and 
[image: image291.wmf]0

0

)

(

x

x

g

=

.

     (c) Let x be a vector in 
[image: image292.wmf](

)

.

,

X

. Show that if 
[image: image293.wmf](

)

/

0

)

(

X

f

x

f

Î

"

=

 then 
[image: image294.wmf].

0

=

x


      (d) Show that the linear operator 
[image: image295.wmf]//

:

X

X

C

®

defined by 
[image: image296.wmf]x

g

x

®

, where 
[image: image297.wmf](

)

(

)

/

,

)

(

X

f

x

f

f

g

x

Î

"

=

, is an isometry between normed spaces.

2) Give an example  , if possible

     (i) A nonseparable Banach space.

     (ii) A Banach space with a Schauder basis.

     (iii) A nonspeparable Banach space 
[image: image298.wmf](

)

.

,

X

 whose continuous dual 
[image: image299.wmf]/

X

is separable.

(iv) A nonreflexive Hilbert space.

(v) A metric space whose metric is not translation invariant.

(vi) A Banach space whose norm does not satisfy the parallelogram equality.

(vii) A sequence 
[image: image300.wmf]n

x

in a normed space which is weakly convergent but not bounded.

(viii) An nonzero bounded linear operator Q on a real Hilbert space H satisfying 
[image: image301.wmf],

0

,

=

x

Qx

 for all x in H.
3) (a) Let M be a dense subset of a metric space 
[image: image302.wmf](

)

d

X

,

. Show that for each Cauchy sequence 
[image: image303.wmf]n

x

in 
[image: image304.wmf](

)

d

X

,

 there is a Cauchy sequence  
[image: image305.wmf]n

y

in M such that 

                                                    
[image: image306.wmf]

 EMBED Equation.3  [image: image307.wmf](

)

.

,

1

)

,

(

N

n

n

y

x

d

n

n

Î

"

£


      (b) Let 
[image: image308.wmf]n

x

and 
[image: image309.wmf]n

y

be two sequences of a metric space 
[image: image310.wmf](

)

d

X

,

such that 
[image: image311.wmf]x

x

n

®

and 
[image: image312.wmf]y

y

n

®

. Show that 
[image: image313.wmf])

,

(

)

,

(

y

x

d

y

x

d

n

n

®

.

      (c) On 
[image: image314.wmf][

]

b

a

C

,

 define T  by

                                                            
[image: image315.wmf]ò

=

b

a

dt

t

tx

s

s

Tx

)

(

)

)(

(

2

    .           

(i) Show that T is a  linear operator.

(ii) Find  
[image: image316.wmf]T

.

FALL 2008-2009

First Midterm:

1) (a)(i) A metric space is ...

         (ii) A sequence 
[image: image317.wmf]{

}

n

x

 in a metric space 
[image: image318.wmf])

,

(

d

X

is said to be Cauchy if...

         (iii) A metric space is called complete if...

     (b) Give an example of a complete metric space other than the Eclidean spaces. Prove your example. 

(c) Assume 
[image: image319.wmf]{

}

n

x

and 
[image: image320.wmf]{

}

n

y

 are Cauchy sequences in a metric space 
[image: image321.wmf])

,

(

d

X

. Prove that 
[image: image322.wmf])

,

(

lim

n

n

n

y

x

d

¥

®

 exists in 
[image: image323.wmf]Â

.

2) (a) The sequence space 
[image: image324.wmf]=

p

l

..., 
[image: image325.wmf]¥

<

£

p

1

.

    (b) Give an example ,if possible, of

         (i) A sequence 
[image: image326.wmf]3

l

x

Î

 such that 
[image: image327.wmf]2

l

x

Ï

.  

         (ii) A bounded sequence 
[image: image328.wmf]{

}

n

x

x

=

 such that 
[image: image329.wmf].

1

,

¥

<

£

Ï

p

all

for

l

x

p


         (iii)A  sequence 
[image: image330.wmf]{

}

n

x

x

=

 such that 
[image: image331.wmf]0

lim

=

¥

®

n

n

x

 but 
[image: image332.wmf]5

l

x

Ï

.

         (iv) A  sequence 
[image: image333.wmf]{

}

2

l

x

x

n

Î

=

 such that 
[image: image334.wmf]{

}

n

x

x

=

is divergent.

(v) A sequence 
[image: image335.wmf]{

}

2

l

x

x

n

Î

=

 such that 
[image: image336.wmf]å

=

¥

®

¹

n

n

i

i

n

x

0

lim

3

.

3)  (a) Let 
[image: image337.wmf]Y

 be a subspace of a normed space 
[image: image338.wmf])

.

,

(

X

.

            (i) Show that 
[image: image339.wmf]Y

is also a subspace.

            (ii) If  
[image: image340.wmf])

.

,

(

X

is Banach, prove that 
[image: image341.wmf]Y

is complete.

     (b) Let 
[image: image342.wmf]{

}

n

x

x

=

be a Cauchy sequence of a normed space 
[image: image343.wmf])

.

,

(

X

in which every absolutely convergent series is convergent. Prove that 
[image: image344.wmf]{

}

n

x

x

=

 must converge in 
[image: image345.wmf]X


Second Midterm:
1)(a) State and prove F. Riesz’s Lemma.

   (b) Use F. Riesz’s Lemma to prove that if the unit ball of a normed space 
[image: image346.wmf](

)

.

,

X

 is compact then X  must be finite dimensional.

2) On 
[image: image347.wmf][

]

2

,

0

C

 define S  and T  by 

  
[image: image348.wmf]ò

=

1

0

3

)

(

)

)(

(

dt

t

x

s

s

Sx

               and     
[image: image349.wmf])

(

)

)(

(

3

s

x

s

s

Tx

=

  , where 
[image: image350.wmf][

]

2

,

0

C

x

Î

 and  
[image: image351.wmf][

]

2

,

0

Î

s

.

(a) Show that S and T are linear operators.

(b) Find 
[image: image352.wmf])

(

T

S

o

and 
[image: image353.wmf])

(

S

T

o

. Do S and T commute?

(c) Find 
[image: image354.wmf]S

 and 
[image: image355.wmf]T

.

(d) Find 
[image: image356.wmf]T

S

o

 and 
[image: image357.wmf]S

T

o

.

(e) If  
[image: image358.wmf]Y

X

L

®

:

 and 
[image: image359.wmf]Z

Y

P

®

:

are bounded linear operators between normed spaces, then show that the operator 
[image: image360.wmf])

(

L

P

o

is also boumded and 
[image: image361.wmf]L

P

L

P

.

£

o

. Does this agree with the results in the previous parts?
3) (a) Prove or disprove: 

(i) If 
[image: image362.wmf]f

 is a linear functional on a complex vector space  then 
[image: image363.wmf]f

 is linear as well.

(ii) If  
[image: image364.wmf](

)

.

,

)

.

,

(

:

Y

X

T

n

®

 is a  pointwise convergent.sequence of linear operators between normed spaces then the map 
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(c) Show that two nonzero linear functionals which are defined on the same vector space and have the same null space must be propotional.
Final Exam:
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(a) Show that 
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 is a linear operator.

(b) Show that 
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is a bounded operator and find its norm.
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4)  (a) State Riesz’s Theorem for representaion of bounded linear functionals on Hilbert spaces.
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